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Ñîäåðæàíèå ëåêöèè

1. Ïîñòàíîâêà çàäà÷è óíèâåðñàëüíîãî êîäèðîâàíèÿ;

2. Äâóõïðîõîäíîå êîäèðîâàíèå;

3. Íóìåðàöèîííîå êîäèðîâàíèå;

4. Àäàïòèâíîå êîäèðîâàíèå.
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Óíèâåðñàëüíîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

▶ Àëãîðèòìû êîäèðîâàíèÿ, òàêèå êàê êîä Õàôôìàíà èëè àðèôìåòè÷åñêîå
êîäèðîâàíèå ïðåäïîëàãàþò çíàíèå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñèìâîëîâ
èñòî÷íèêà.

▶ Â ðåàëüíûõ çàäà÷àõ äàííîå ðàñïðåäåëåíèå âåðîÿòíîñòåé íå èçâåñòíî.
▶ Ìîæíî îöåíèòü ðàñïðåäåëåíèå âåðîÿòíîñòåé è ïåðåäàòü åãî äåêîäåðó

(äâóõïðîõîäíîå êîäèðîâàíèå èëè o�-line coding).
▶ Ìîæíî îöåíèâàòü ðàñïðåäåëåíèå âåðîÿòíîñòåé àäàïòèâíî îäèíàêîâûì îáðàçîì

íà ñòîðîíå êîäåðà è äåêîäåðà èñïîëüçóÿ óæå çàêîäèðîâàííûå/äåêîäèðîâàííûå
ñèìâîëû (àäàïòèâíîå êîäèðîâàíèå èëè online coding).
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Óíèâåðñàëüíîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

▶ Ïðåäïîëîæèì, ÷òî ìû áóäåì êîäèðîâàòü ñòàöèîíàðíûå èñòî÷íèêè.

▶ Äëÿ ñòàöèîíàðíîãî èñòî÷íèêà ìû ìîæåì âû÷èñëèòü ýíòðîïèþ H, êîòîðàÿ
ÿâëÿåòñÿ íèæíåé ãðàíèöåé ñðåäíåé ñêîðîñòè êîäèðîâàíèÿ R .

▶ �Õîðîøèå� ìåòîäû óíèâåðñàëüíîãî êîäèðîâàíèÿ äîëæíû îáåñïå÷èòü ñêîðîñòü
êîäèðîâàíèÿ, áëèçêóþ ê ñêîðîñòè êîäèðîâàíèÿ, äîñòèãàåìîé â ñëó÷àå, åñëè
ðàñïðåäåëåíèå âåðîÿòíîñòåé èçâåñòíî.
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Óíèâåðñàëüíîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

Ïðåäïîëîæèì, ÷òî

▶ Ω = {ω} � ìíîæåñòâî ìîäåëåé èñòî÷íèêîâ.

▶ Åñëè Ω � ìíîæåñòâî äèñêðåòíûõ ïîñòîÿííûõ èñòî÷íèêîâ, òî êàæäàÿ ω
îïðåäåëÿåòñÿ ðàñïðåäåëåíèåì âåðîÿòíîñòåé θ(ω) = (θ1, ..., θK )

▶ ω, à çíà÷èò è θ, íåèçâåñòíû êàê êîäåðó, òàê è äåêîäåðó.
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Óíèâåðñàëüíîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

▶ H(ω) ýíòðîïèÿ äîÿ çàäàííîãî ω.

▶ R̄n(ω) ñðåäíÿÿ ïî ïîñëåäîâàòåëüíîñòè èç n ñèìâîëîâ ñêîðîñòü êîäèðîâàíèÿ
äëÿ ω.

▶ rn(ω) = R̄n(ω)− H(ω) � ñðåäíÿÿ èçáûòî÷íîñòü äëÿ ìîäåëè ω è äëèíû
ïîñëåäîâàòåëüíîñòè n

Òîãäà, çàäà÷à çàêëþ÷àåòñÿ â ïîñòðîåíèè àëãîðèìà, êîòîðûé ìèíèìèçèðóåò

rn(Ω) = max
ω∈Ω

rn(ω).

Åñëè lim
n→∞

rn(Ω) = 0, òî òàêîå êîäèðîâàíèÿ ÿâëÿåòñÿ óíèâåðñàëüíûì äëÿ

ìíîæåñòâà Ω
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Óíèâåðñàëüíîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

Ïðè ðàçðàáîòêå àëãîðèòìà óíèâåðñàëüíîãî êîäèðîâàíèÿ, íåîáõîäèìî ó÷èòûâàòü
(êàê äëÿ êîäåðà, òàê è äëÿ äåêîäåðà):

▶ Çàäåðæêó. Â ñîîòâåòñòâèè ñ ýòèì êðèòåðèåì, àëãîðèòìû ðàçäåëÿþòñÿ íà:
▶ Äâóõïðîõîäíûå (o�-line) àëãîðèòìû.
▶ Àäàïòèâíûå (on-line) àëãîðèòìû.

▶ Ñëîæíîñòü.

▶ Îáú¼ì ïàìÿòè.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Îáùàÿ èäåÿ.

▶ Ïðîõîä 1.

1. Îöåíèòü θ (îáîçíà÷èì îöåíêó ÷åðåç θ̂).
2. Êîäèðîâàòü θ̂. Íà âûõîäå ïîëó÷èì êîäîâûå ñëîâà c1.

▶ Ïðîõîä 2.

1. Êîäèðîâàòü ñèìâîëû èñòî÷íèêà x èñïîëüçóÿ θ̂. Íà âûõîäå ïîëó÷èì êîäîâûå
ñëîâà c2.

2. Ñôîðìèðîâàòü êîäîâîå ñëîâî èç äâóõ ÷àñòåé c = (c1, c2).
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êîäà Õàôôìàíà.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

l(x) = l1(x) + l2(x)

Ïðè ðàâíîìåðíîì êîäèðîâàíèè ïîëó÷èì 50× 8=400 áèò.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êîäà Õàôôìàíà.

x ×èñëî ïîÿâëåíèé Äëèíà êîäîâîãî Êîäîâîå
x â x , τ(x) ñëîâà, l(x) ñëîâî τ(x)× l(x)

I 1 6 010000 6

F 1 6 010001 6

_ 12 2 00 24

W 5 3 100 15

E 4 4 0101 16

C 2 5 01001 10

A 4 4 1010 16

N 3 4 1011 12

O 5 3 110 15

T 1 6 011110 6

D 4 4 0110 16

S 3 4 1110 12

U 2 4 1111 8

L 2 5 01110 10

H 1 6 011111 6

Âñåãî l2(x) 178 áèò
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êîäà Õàôôìàíà.
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c1 = (0 00 1000 001010 01101111 0110 1111, ASCII(x), ...)

l1 = 29+ 8× 15 = 149 áèò, l = l1 + l2 = 149+ 178 = 327 áèò.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êàíîíè÷åñêîãî êîäà Õàôôìàíà.

▶ Äëÿ çàäàííîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ìîæíî ïîñòðîèòü íåñêîëüêî
îäèíàêîâî ýôôåêòèâíûõ êîäîâ Õàôôìàíà.

▶ Êîä Õàôôìàíà íàçûâàåòñÿ êàíîíè÷åñêèì, åñëè åãî êîðîòêèå êîäîâûå ñëîâà
ëåêñèêîãðàôè÷åñêè ïðåäøåñòâóþò áîëåå äëèííûì.

x Äëèíà êîäîâîãî ñëîâà l(x) Êîäîâîå ñëîâî

_ 2 00

O 3 010

W 3 011

A 4 1000

D 4 1001

E 4 1010

N 4 1011

S 4 1100

U 4 1101

C 5 11100

L 5 11101

F 6 111100

H 6 111101

I 6 111110

T 6 111111
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êàíîíè÷åñêîãî êîäà Õàôôìàíà.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Íà ïðèìåðå êàíîíè÷åñêîãî êîäà Õàôôìàíà.

▶ Äîñòàòî÷íî óêàçàòü êîëè÷åñòâî êîíöåâûõ âåðøèí äëÿ ÿðóñîâ ñ íîìåðàìè
0, ..., lmax , ãäå lmax � ìàêñèìàëüíàÿ äëèíà êîäîâîãî ñëîâà.

ßðóñ ×èñëî ×èñëî êîíöåâûõ Äèàïàçîí Çàòðàòû
âåðøèí âåðøèí ni çíà÷åíèé ni â áèòàõ

0 1 0 0. . . 1 1

1 2 0 0. . . 2 2

2 4 1 0. . . 4 3

3 6 2 0. . . 6 3

4 8 6 0. . . 8 4

5 4 2 0. . . 4 3

6 4 4 0. . . 4 3

Total 19

c1 = (0 00 001 010 0110 010 100 ASCII(x), ...)

l1 = 19+ 8× 15 = 139 áèò, l = l1 + l2 = 139+ 178 = 317 áèò.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Ñêîðîñòü êîäèðîâàíèÿ êîäîì Õàôôìàíà.

Òåîðåìà. Ïîëíîå êîäîâîå äåðåâî, èìåþùåå M êîíöåâûõ âåðøèí, èìååò M − 1
ïðîìåæóòî÷íûõ âåðøèí. Ïîýòîìó, M +M − 1 = 2M − 1 áèò äîñòàòî÷íî äëÿ
îïèñàíèÿ ïîëíîãî îïèñàíèÿ äåðåâà.
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Äâóõïðîõîäíîå êîäèðîâàíèå.

Ñêîðîñòü êîäèðîâàíèÿ êîäîì Õàôôìàíà.

▶ l1(x) ≤ 2M − 1+M⌈logM⌉

▶ l2(x) =
n∑

i=1

l(xi ) =
∑
x∈X

τ(x)l(x) = n
∑
x∈X

τ(x)

n
l(x) = n

∑
x∈X

θ̂(x)l(x) =

nEθ̂n
{l(x)} ≤ n(H(θ̂n) + 1)

▶ E
(
H(θ̂n)

)
≤ H

(
E (θ̂n)

)
= H(θ) = H.

▶ R̄(x) =
l1(x) + l2(x)

n
≤ H + 1+

2M − 1+M⌈logM⌉
n
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Íóìåðàöèîííîå êîäèðîâàíèå.

Ïîñòàíîâêà çàäà÷è.

▶ Ïîñëåäîâàòåëüíîñòü íà âûõîäå èñòî÷íèêà x ∈ X n, X = {0, 1, . . . ,M − 1}.
▶ Êîìïîçèöèÿ τ (x) = (τ0(x), ..., τM−1(x)), M = |X |, ãäå τ0(x) � ñêîëüêî ðàç

âñòðåòèëñÿ 0 âî âõîäíîé ïîñëåäîâàòåëüíîñòè.

Êîäèðîâàíèå:

▶ Êîäîâîå ñëîâî c ñîñòîèò èç äâóõ ÷àñòåé c = (c1, c2).

▶ c1 îïèñûâàåò τ = τ (x).

▶ c2 îïèñûâàåò íîìåð x â ëåêñèêîãðàôè÷åñêè óïîðÿäî÷åííîì ñïèñêå âñåõ
âîçìîæíûõ {x}, êîòîðûå èìåþò êîìïîçèöèþ τ (x) = τ .
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Íóìåðàöèîííîå êîäèðîâàíèå.

Òðè ñïîñîáà êîäèðîâàíèÿ êîìïîçèöèè.

1. Êîäèðóåì êàæäûé τi (x), êðîìå i = M − 1, ïðÿìûì êîäîì, èñïîëüçóÿ
⌈log(n + 1)⌉ áèò.

2. Ïðåäñòàâèì êîìïîçèöèþ τ0(x), ..., τM−1(x) êàê äâîè÷íóþ ïîñëåäîâàòåëüíîñòü
âèäà 0τ010τ11, ..., 10τM−1 , êîòîðàÿ èìååò äëèíó (n +M − 1) è âåñ (êîëè÷åñòâî
åäèíèö) M − 1.
▶ Êîëè÷åñòâî ñòðîê òàêîé æå äëèíû è âåñà: Nτ (n,M) =

(
n+M−1

M−1

)
.

▶ Ëåêñèêîãðàôè÷åñêè óïîðÿäî÷èâàåì âñå ñòðîêè.
▶ Êîäèðóåì ðàâíîìåðíûì êîäîì íîìåð ïîñëåäîâàòåëüíîñòè, èñïîëüçóÿ
⌈Nτ (n,M)⌉ áèò.

3. Óïîðÿäî÷èì Q íåíóëåâûõ êîìïîíåíò τ ïî óáûâàíèþ, ò.å., τ0 ∈ {1, .., n},
τ1 ∈ {1, .., τ0}, τ2 ∈ {1, .., τ1} è ò.ä.

▶ τQ êîäèðóåì ÀÊ ñ âåðîÿòíîñòüþ
1

n

1

τ0

1

τ1

1

τ2
...

1

τQ−2

.

▶ Ïðè ïîìîùè ÀÊ êîäèðóåì áóêâû, êîòîðûå ñîîòâåòñòâóþò êîìïîíåíòàì
êîìïîçèöèè ñ âåðîÿòíîñòüþ 1

M
1

M−1

1

M−2
... 1

M−Q+2
.
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Íóìåðàöèîííîå êîäèðîâàíèå.

Òðè ñïîñîáà êîäèðîâàíèÿ êîìïîçèöèè. Ïðèìåð.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

n = 50, M = 256, Q = 15.

1. l1 = 255× ⌈log 50⌉ = 255 · 6 = 1530 áèò.

2. l1 =
⌈
log
(255+50

255

)⌉
= 193 áèò.

3. τ (x) = (12, 5, 5, 4, 4, 4, 3, 3, 2, 2, 2, 1, 1, 1, 1, 0..., 0)

l1 =
⌈
log
(
50 · 12 · 52 · 43 · 32 · 23 × 256 · 255... · 243

)⌉
= 27+ 120 = 147 áèò.
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Íóìåðàöèîííîå êîäèðîâàíèå.

Êîäèðîâàíèå x ïðè èçâåñòíîì τ (x)

Ïóñòü M = 3, è τ = (τ0, τ1, τ2). Òîãäà êîëè÷åñòâî âñåõ âîçìîæíûõ x äëÿ τ (x)

N(τ ) =

(
n

τ0

)(
n − τ0
τ1

)
=

n!

τ0!(n − τ0)!

(n − τ0!)

τ1!(n − τ0 − τ1)!
=

n!

τ0!τ1!τ2!

Â îáùåì ñëó÷àå, äëÿ àëôàâìèòà îáú¼ìîì M èìååì:

N(τ ) =
n!

τ0!τ1! . . . τM−1!
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Íóìåðàöèîííîå êîäèðîâàíèå.

Êîäèðîâàíèå x ïðè èçâåñòíîì τ (x). Ïðèìåð.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

l2 =

⌈
log

50!

12! (5!)2 (4!)3 (3!)2 (2!)3

⌉
= 150 áèò.

l = l1 + l2 = 147+ 150 = 297 áèò.
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Íóìåðàöèîííîå êîäèðîâàíèå. Êîäèðîâàíèå x ïðè èçâåñòíîì

τ (x) àðèôìåòè÷åñêèì êîäåðîì. Ïðèìåð.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

t x p̂(x) Êîìïîçèöèÿ τ (x)

0 � � 12,5,5,4,4,4,3,3,2,2,2,1,1,1,1

1 I 1/50 12,5,5,4,4,4,3,3,2,2,2,1,1,1,0

2 F 1/49 12,5,5,4,4,4,3,3,2,2,2,1,1,0

3 _ 12/48 11,5,5,4,4,4,3,3,2,2,2,1,1

4 W 5/47 11,4,5,5,4,4,4,3,3,2,2,2,1,1

5 E 4/46 11,4,5,5,3,4,4,3,3,2,2,2,1,1

6 _ 10/45 10,4,5,5,3,4,4,3,3,2,2,2,1,1

. . . . . . . . . . . .

G =
12!(5!)2(4!)3(3!)2(2!)3

50!

L = ⌈− logG⌉+ 1 = 151 áèò.
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Íóìåðàöèîííîå êîäèðîâàíèå.

Òåîðåòè÷åñêèé àíàëèç èáûòî÷íîñòè

Àïïðîêñèìàöèÿ Ñòèðëèíãà:
n! ≈

√
2πnnne−n

logN(τ ) ≈ nH
(τ
n

)
− M − 1

2
log(2πn)

logNτ (n,M) ≈ (M − 1) log(n + 1)

Ïîýòîìó,

R̄ ≈ H +
M − 1

2

log n

n
+

const

n
n→∞−−−→ H

Ýòî ìèíèìàëüíàÿ äîñòèæèìàÿ èçáûòî÷íîñòü.
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Äâóõïðîõîäíîå àðèôìåòè÷åñêîå êîäèðîâàíèå

êàê ðåàëèçàöèÿ íóìåðàöèîííîãî êîäèðîâàíèÿ

Îñíîâíûå âûâîäû:

1. Íàèáîëåå åñòåñòâåííîé âûãëÿäèò ðåàëèçàöèÿ íóìåðàöèîííîãî êîäèðîâàíèÿ
ïðè ïîìîùè àðèôìåòè÷åñêîãî êîäèðîâàíèÿ.

2. Íóìåðàöèîííîå êîäèðîâàíèå, ðåàëèçîâàííîå ïðè ïîìîùè àðèôìåòè÷åñêîãî
êîäèðîâàíèÿ ñâîäèòñÿ ê äâóõïðîõîäíîìó àðèôìåòè÷åñêîìó êîäèðîâàíèþ ñ
ýôôåêòèâíîé ïåðåäà÷åé ÷àñòîò ñèìâîëîâ âî âõîäíîì ñîîáùåíèè.
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Äâóõïðîõîäíîå àðèôìåòè÷åñêîå êîäèðîâàíèå

÷åðåç èñïîëüçîâàíèå íîðìàëüíîãî ðàñïðåäåëåíèÿ

1. Â íåéðîñåòåâûõ çàäà÷àõ ñæàòèÿ èçîáðàæåíèé ðàñïðåäåëåíèå ëàòåíòíûõ
êîýôôèöèåíòîâ ìîäåëèðóåòñÿ ïðè ïîìîùè íîðìàëüíîãî ðàñïðåäåëåíèÿ1 ñ
ïàðàìåòðàìè (µ, σ2).

2. Âåðîÿòíîñòü ñèìâîëà îöåíèâàåòñÿ êàê

p̂(xi |µ, σ) = Φ

(
xi +

1
2 − µ

σ

)
− Φ

(
xi − 1

2 − µ

σ

)
,

ãäå Φ(x) � êóìóëÿòèâíàÿ ôóíêöèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè
(0, 1).

3. Íåîáõîäèìî èäåíòè÷íî âû÷èñëÿòü Φ(x) íà ñòîðîíå êîäåðà è äåêîäåðà.

1J.Balle et al., Variational image compression with a scale hyperprior, International Conference on
Learning Representations, 2018
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Äâóõïðîõîäíîå àðèôìåòè÷åñêîå êîäèðîâàíèå

÷åðåç èñïîëüçîâàíèå íîðìàëüíîãî ðàñïðåäåëåíèÿ

Äëÿ óïðîùåíèÿ ïóñòü µ = 0:

1. Eñëè íà âõîä ïîñòóïàåò âåêòîð x = {x1, x2, x3, ..., xN} òàêîé, ÷òî
ðàñïðåäåëåíèÿ êàæäîãî ýëåìåíòà ðàçëè÷íû, òî âìåñòî ïåðåäà÷è âåðîÿòíîñòåé
äëÿ êàæäîãî xi ïåðåäà¼òñÿ òîëüêî îäíî çíà÷åíèå σi , ò.å. äåêîäåðó ïåðåäà¼òñÿ
ïîñëåäîâàòåëüíîñòü σ = {σ1, σ2, σ3, ..., σN}.

2. Íåïîñðåäñòâåííàÿ ïåðåäà÷à σ ìîæåò ïîòðåáîâàòü ìíîãî áèò, ïîýòîìó
ïðèìåíÿåòñÿ êîäèðîâàíèå σ ïðè ïîìîùè äîïîëíèòåëüíîãî ãèïåðêîäåðà:
2.1 Âû÷èñëÿåòñÿ âåêòîð z = H(x , ϕh), ãäå ϕh � îáó÷àåìûå ïàðàìåòðû ãèïåðêîäåðà,

à âåêòîð z = {z1, z2, ..., zM}, ãäå M < N.
2.2 Âåêòîð z êâàíòóåòñÿ êàê ẑ = Q(z) è ñæèìàåòñÿ, íàïðèìåð, àðèôìåòè÷åñêèì

êîäåðîì.
2.3 Äëÿ ñæàòèÿ x èñïîëüçóåòñÿ σ̂ = H−1(ẑ , θh), ãäå θh � îáó÷àåìûå ïàðàìåòðû

ãèïåðäåêîäåðà.

3. Ïîäõîä ýôôåêòèâåí, åñëè åñòü çàâèñèìîñòü ìåæäó ïàðàìåòðàìè
ðàñïðåäåëåíèÿ σi è σj .

4. Ïðè íåîáõîäèìîñòè ìîæíî ïðèìåíèòü ýòîò æå ïîäõîä è äëÿ ñæàòèÿ âåêòîðà ẑ .
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Àäàïòèâíîå êîäèðîâàíèå.

Îáùàÿ èäåÿ.

▶ Êîäåðó íå äîñòóïíû ñîîáùåíèÿ, êîòîðûå ïîÿâÿòñÿ â áóäóùåì, ò.å., ïðè
êîäèðîâàíèè xi , ñîîáùåíèÿ xi+1, xi+2, ... ñ÷èòàþòñÿ íåèçâåñòíûìè.

▶ Ïî ïîñëåäîâàòåëüíîñòè óæå çàêîäèðîâàííûõ ñîîáùåíèé x0, x1, ..., xi−1 êîäåð
îöåíèâàåò âåðîÿòíîñòü äëÿ ñèìâîëà xi è ñòðîèò äëÿ íåãî êîä â ñîîòâåòñòâèè ñ
ýòîé îöåíêîé.

▶ Ïîñëå äåêîäèðîâàíèÿ ñîîáùåíèé x0, x1, ..., xi−1 äåêîäåð îöåíèâàåò âåðîÿòíîñòü
äëÿ ñèìâîëà xi òàê æå êàê è êîäåð, ïîñëå ÷åãî äåêîäèðóåò xi .
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Àäàïòèâíîå êîäèðîâàíèå.

Îöåíêà âåðîÿòíîñòè ñ èïîëüçîâàíèåì ñ÷¼ò÷èêîâ.

Ïóñòü íåîáõîäèìî ïåðåäàòü x = (x1, ..., xn) àðèôìåòè÷åñêèì êîäåðîì. Äëÿ ýòîãî
êàæäîìó ñèìâîëó xt íåîáõîäèìî ñîïîñòàâèòü p̂t(a) � îöåíêó âåðîÿòíîñòè òîãî, ÷òî
xt = a, a = 1, ...,M. Ïðåäïîëîæèì, ÷òî x1, ..., xt−1 óæå ïåðåäàíû è èçâåñòíû
äåêîäåðó. Òîãäà

p̂t(a) =
τt(a)

t
, ãäå τt(a) ÷èñëî ñèâìîëîâ a â x1, ..., xt−1.

p̂t(a) =
τt(a) + 1

t +M
, ïîïðàâêà, ÷òîáû èçáåæàòü íóëåâûõ âåðîÿòíîñòåé.

p̂t(a) =
τt(a) + 1/2

t +M/2
.
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Àäàïòèâíîå êîäèðîâàíèå.
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Àäàïòèâíîå êîäèðîâàíèå.

Îöåíêà âåðîÿòíîñòè ñ èïîëüçîâàíèåì ñ÷¼ò÷èêîâ. Ïðèìåð.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

τ = (12, 5, 5, 4, 4, 4, 3, 3, 2, 2, 2, 1, 1, 1, 1, 0, ...)

t x p̂t(a) =
τt (a)+1
t+M

p̂t(a) =
τt (a)+1/2
t+M/2

0 I (0+1)/(0+256)=1/256 (2* 0+1)/(2*0+256)=1/256
1 F (0+1)/(1+256)=1/257 (2*0+1)/(2*1+256)=1/258
2 _ (0+1)/(2+256)=1/258 (2*0+1)/(2*2+256)=1/260
3 W (0+1)/(3+256)=1/259 (2*0+1)/(2*3+256)=1/262
4 E (0+1)/(4+256)=1/260 (2*0+1)/(2*4+256)=1/264
5 _ (1+1)/(5+256)=2/261 (2*1+1)/(2*5+256)=3/266
. . . . . . . . . . . .
12 _ (2+1)/(12+256)=3/268 (2*2+1)/(2*12+256)=5/280
. . . . . . . . . . . .
15 _ (3+1)/(15+256)=4/271 (2*3+1)/(2*15+256)=7/286
. . . . . . . . . . . .
49 _ (2+1)/(49+256)= 3/305 (2*2+1)/(2*49+256)= 5/354

28



Àäàïòèâíîå êîäèðîâàíèå.

Îöåíêà âåðîÿòíîñòè ñ èïîëüçîâàíèåì ñ÷¼ò÷èêîâ. Ïðèìåð.

1. p̂t(a) =
τt(a)+1
t+M

▶ G = 1 · 1

256
· 1

257
· 1

258
· 1

259

1

260
· 2

261
· · · = 12!(5!)2(4!)3(3!)2(2!)3

256·257·····305 .

▶ L = ⌈− logG⌉+ 1 = 343 áèò.

2. p̂t(a) =
τt(a)+1/2
t+M/2

▶ G = 1 · 1

256
· 1

258
· 1

260
· 1

262
· 1

264
· 3

266
· · · = (23)!!(9!!)2(7!!)3(5!!)2(3!!)3

256·258·····354 .

▶ L = ⌈− logG⌉+ 1 = 323 áèò.
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Àäàïòèâíîå êîäèðîâàíèå.

Àëãîðèòìû A è D.

▶ Ìîæíî èñïîëüçîâàòü ïîäõîä îñíîâàííûé íà òàê íàçûâàåìîì esc-ñèìâîëå.

▶ Â ýòîì ñëó÷àå, ìû äîáàâëÿåì äîïîëíèòåëüíûé ñèìâîë â àëôàâèò. Ýòîò
ñèìâîë ïåðåäà¼òñÿ, åñëè íà âõîä ïðèõîäèò ñèìâîë, êîòîðûé ðàíåå íå
ïîÿâëÿëñÿ.
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Àäàïòèâíîå êîäèðîâàíèå.

Àëãîðèòìû A è D.

Îáùàÿ èäåÿ:

▶ Èñïîëüçóåòñÿ îöåíêà pt(a) =
τt(a)
t+1 , åñëè τt(a) > 0.

▶ Ïåðåäà¼òñÿ �esc�, åñëè τt(a) = 0, pt(esc) =
1

t+1

Àëãîðèòì A:

p̂t(a) =

{
τt(a)
t+1 , åñëè τt(a) > 0;
1

t+1
1

M−Mt
, åñëè τt(a) = 0,

Mt � ÷èñëî ðàçëè÷íûõ ñèìâîëîâ, âñòðåòèâøèõñÿ â ïîñëåäîâàòåëüíîñòè äëèíû t.
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Àäàïòèâíîå êîäèðîâàíèå.

Àëãîðèòìû A è D.

▶ Â Àëãîðèòìå À ïîÿâëåíèå esc ñèìâîëà îöåíèâàåòñÿ ñ ìåíüøåé âåðîÿòíîñòüþ,
÷åì ýòî ïðîèñõîäèò íà íà÷àëüíîì ýòàïå êîäèðîâàíèÿ. Ïîýòîìó, èìååò ñìûñë
ìîäèôèöèðîâàòü îöåíêè âåðîÿòíîñòåé òàê, ÷òîáû óâåëè÷èòü âåðîÿòíîñòü
pt(esc).

Àëãîðèòì D:

p̂t(a) =



τt(a)−1/2
t , åñëè τt(a) > 0;

1
M , åñëè τt(a) = 0, t = 0;

Mt
2t

1
M−Mt

, åñëè τt(a) = 0, t > 0.

1 =
Mt∑
a=1

(
τt(a)− 1/2

t

)
+pt(esc) =

1

t

(
Mt∑
a=1

τt(a)−
1

2

Mt∑
a=1

1

)
+pt(esc) = 1−Mt

2t
+pt(esc).
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Àäàïòèâíîå êîäèðîâàíèå.

Àëãîðèòìû A è D. Ïðèìåð.

IF_WE_CANNOT_DO_AS_WE_WOULD_WE_SHOULD_DO_AS_WE_CAN

τ = (12, 5, 5, 4, 4, 4, 3, 3, 2, 2, 2, 1, 1, 1, 1, 0, ...)

t x p̂A p̂D
0 I 1 1

256

1

256

1 F 1

2

1

255

1

2

1

255

2 _ 1

3

1

254

2

4

1

254

3 W 1

4

1

253

3

6

1

253

4 E 1

5

1

252

4

8

1

253

5 _ 1

6

1

10

. . . . . . . . . . . .

12 _ 2

13

3

24

. . . . . . . . . . . .

15 _ 3

16

5

30

. . . . . . . . . . . .

49 N 2

50

3

98
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Àäàïòèâíîå êîäèðîâàíèå.

Àëãîðèòìû A è D. Ïðèìåð.

GA =
11!(4!)2(3!)3(2!)2(1!)3

50!
· 1

256 · 255 · ... · 242
LA = ⌈− logGA⌉+ 1 = 291 áèò.

GD =
(2 · 12− 3)!!((2 · 5− 3)!!)2((2 · 4− 3)!!)3((2 · 3− 3)!!)2

98!!

× 14!

256 · 255 · ... · 242
LD = ⌈− logG2⌉+ 1 = 287 áèò,

ãäå

n!! =

{
1 · 3... · n, n � íå÷åòíûå.
2 · 4... · n, n � ÷åòíûå.
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Àäàïòèâíîå êîäèðîâàíèå.

Èçáûòî÷íîñòü àäàïòèâíîãî àðèôìåòè÷åñêîãî êîäèðîâàíèÿ.

Theorem
Ïðè êîäèðîâàíèè äèñêðåòíîãî ïîñòîÿííîãî èñòî÷íèêà ñ ýíòðîïèåé H, ñðåäíÿÿ

ñêîðîñòü àäàïòèâíîãî àðèôìåòè÷åñêîãî êîäèðîâàíèÿ óäîâëåòâîðÿåò íåðàâåíñòâó

R̄ ≤ H +
M

2

log(n + 1) + K

n
,

ãäå K íå çàâèñèò îò äëèíû ïîñëåäîâàòåëüíîñòè n.
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Ñðàâíåíèå àëãîðèòìîâ

Àëãîðèòì Êîëè÷åñòâî Áèòîâûå çàòðàòû
ïðîõîäîâ

Äâóõïðîõîäíîå êîäèðîâàíèå 2 317
êîäîì Õàôôìàíà

Íóìåðàöèîííîå êîäèðîâàíèå 2 298

Àäàïòèâíîå àðèôìåòè÷åñêîå 1 291
êîäèðîâàíèå, p̂A

Àäàïòèâíîå àðèôìåòè÷åñêîå 1 287
êîäèðîâàíèå, p̂D

7z 1 289-296
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Îöåíêà âåðîÿòíîñòè ïðè ïîìîùè �ñêîëüçÿùåãî îêíà�.

p̂t(a) =
τt(a) + 1

W + 1
.
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Àïïðîêñèìàöèÿ �ñêîëüçÿùåãî îêíà� äëÿ äâîè÷íîãî ñëó÷àÿ.

▶ Îáîçíà÷èì ÷åðåç st êîëè÷åñòâî åäèíèö â ñêîëüçÿùåì îêíå ïîñëå êîäèðîâàíèÿ
t ñèìâîëîâ.

▶ Ìîæíî íå õðàíèòü îêíî â ïàìÿòè, à st àïïðîêñèìèðîâàòü ñëåäóþùèì
îáðàçîì:
1. Èç îêíà óäàëÿåòñÿ ñðåäíåå ÷èñëî åäèíèö:

st+1 ← st −
st
W

.

2. Íîâûé ñèìâîë äîáàâëÿåòñÿ â îêíî:

st+1 ← st+1 + xt .

Èòîãîâîå ïðàâèëî îáíîâëåíèÿ:

st+1 =

(
1− 1

W

)
· st + xt .
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Îöåíêà âåðîÿòíîñòè â M-coder.


p̂s = (1− γ)p̂s−1, where s = 1, ..., 63, p̂0 = 0.5,

γ = 1−
(
p̂min

0.5

) 1

63

, p̂min = 0.01875.

Îöåíêà âåðîÿòíîñòè äëÿ ñèìâîëà xt+1 âû÷èñëÿåòñÿ êàê:

p̂t+1 =

{
(1− γ)p̂t + γ, if xt =LPS,
max{(1− γ)p̂t , p̂min}, if xt =MPS,
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé.

1: T ← R×p(xt)
2: R ← R − T
3: if xt =1 then
4: L ← L+R
5: R ← T
6: end if

7: call Ðåíîðìàëèçàöèÿ

1: T ← R×p(xt)
2: R ← R − T
3: if F < R then

4: xt = 0
5: else

6: L ← L+R
7: R ← T
8: xt = 1
9: end if

10: call Ðåíîðìàëèçàöèÿ

40



Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé.

1: while R < 2b−2 do

2: if L ≥ 2b−1 then

3: WriteOnes(1)
4: WriteZeros(bits_to_follow), bits_to_follow ← 0
5: L ← L − 2b−1

6: else if L < 2b−2 then

7: WriteZeros(1)
8: WriteOnes(bits_to_follow), bits_to_follow ← 0
9: else

10: bits_to_follow ← bits_to_follow + 1
11: L ← L − 2b−2

12: end if

13: L ← L≪ 1, R ← R≪ 1
14: end while
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé.

Ïîñëå ðåíîðìàëèçàöèè ðåãèñòð R íàõîäèòñÿ â èíòåðâàëå:

1

2
2b−1 ≤ R < 2b−1.

Ïîýòîìó óìíîæåíèåì ìîæåò áûòü àïïðîêñèìèðîâàíî ñëåäóþùèì îáðàçîì:

T = R × p̂t ≈ α2b−1 × p̂t ,

ãäå α ∈ [12 , ..., 1). Äëÿ óëó÷øåíèÿ òî÷íîñòè M-coder êâàíòóåò èíòåðâàë
[122

b−1; 2b−1) ðàâíîìåðíî íà 4 èíòåðâàëà. Çàòåì, äëÿ êàæäîãî èç ÷åòûð¼õ
èíòåðâàëîâ ðåçóëüòàò óìíîæåíèÿ R × p̂s ïîìåùàåòñÿ â òàáëèöó
TabRangeLPS [s][∆], ñîñòîÿùóþ èç 64×4 çíà÷åíèé.
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé.
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

M-coder.

1: ∆← (R − 2b−2)≫ (b − 4)
2: T ← TabRangeLPS [s][∆]
3: R ← R − T
4: if xi ̸= MPS then

5: L ← L+R
6: R ← T
7: if s = 0 then
8: MPS ←!MPS;
9: end if

10: s ←TransStateLPS [s]
11: else

12: s ← TransStateMPS [s]
13: end if

14: call Renormalization procedure2
2D. Marpe, T. Wiegand, �A Highly E�cient Multiplication-Free Binary Arithmetic Coder and Its

Application in Video Coding,� IEEE ICIP, 2003.44



Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé è òàáëèö.

Óìíîæèì3 îáå ÷àñòè ïðàâèëà íà α2b−1:

s ′t+1 =

(
1− 1

W

)
· s ′t + α2b−1xt ,

ãäå s ′t = α2b−1st . Öåëî÷èñëåííàÿ ðåàëèçàöèÿ:

s ′t+1 =


s ′t +

⌊
α2b−12w − s ′t + 2w−1

2w

⌋
, if xt = 1

s ′t −
⌊
s ′t + 2w−1

2w

⌋
, if xt = 0,

Òîãäà óìíîæåíèå ìîæåò áûòü àïïðîêñèìèðîâàíî ñëåäóþùèì îáðàçîì:

T = R × p̂t ≈ α2b−1 × p̂t =
s ′t
2w

.

3E.Belyaev, A.Turlikov, K.Egiazarian and M.Gabbouj, An e�cient adaptive binary arithmetic coder with low
memory requirement // IEEE Journal of Selected Topics in Signal Processing. Special Issue on Video Coding:
HEVC and beyond, 2013.
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé è òàáëèö.

Äëÿ óâåëè÷åíèÿ òî÷íîñòè àïïðîêñèìàöèè èíòåðâàë [122
b−1; 2b−1) êâàíòóåòñÿ íà 4

ïîäèíòåðâàëà: {
9

16
2b−1,

11

16
2b−1,

13

16
2b−1,

15

16
2b−1

}
.

Äëÿ ýòîãî ñíà÷àëà âû÷èñëÿåòñÿ s ′t äëÿ α = 9
16 . Çàòåì, óìíîæåíèå

àïïðîêñèìèðóåòñÿ êàê:

T = R × p̂t ≈
s ′t +∆× 1

4s
′
t

2w
, where ∆ =

R − 2b−2

2b−4
.
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Àäàïòèâíîå àðèôìåòè÷åñêîå êîäèðîâàíèå.

Ðåàëèçàöèÿ áåç óìíîæåíèé è òàáëèö.

1: ∆← (R − 2b−2)≫ (b − 4)
2: T ← (s +∆× (s ≫ 2))≫ w
3: T ← max(1,T )
4: R ← R − T
5: if xi ̸= MPS then

6: L ← L+R
7: R ← T
8: s ← s + ((α2b−12w − s + 2w−1)≫ w)
9: if s > α2b−22w then

10: MPS ←!MPS;
11: s ← α2b−22w ;
12: end if

13: else

14: s ← s − ((s + 2w−1)≫ w)
15: end if

16: call Renormalization procedure47



Ñïàñèáî çà âíèìàíèå!

Îáðàçîâàòåëüíàÿ ïðîãðàììà: �Ïðîãðàììèðîâàíèå è èíòåðíåò-òåõíîëîãèè�


