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Êîä Øåííîíà

Ðàññìîòðèì àíñàìáëü X = {1, 2, . . . ,M} ñ âåðîÿòíîñòÿìè {p1, p2, . . . , pM}.
Ïðåäïîëîæèì, ÷òî p1 ≥ p2 ≥ · · · ≥ pM . Äëÿ êàæäîãî x ∈ X âû÷èñëèì

êóìóëÿòèâíóþ âåðîÿòíîñòü êàê

q1 = 0

qi =
i−1∑
j=1

pj , i = 2, . . . ,M.

Êîäîâîå ñëîâî êîäà Øåííîíà1 äëÿ xi � äâîè÷íàÿ çàïèñü ïåðâûõ li = ⌈− log pi⌉ áèò
ïîñëå çàïÿòîé äâîè÷íîãî ïðåäñòàâëåíèÿ qi .

1C.E. Shannon, A Mathematical Theory of Communication, The Bell System Technical Journal,
1948
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Êîä Øåííîíà.
Ïðèìåð.

x p(x) q(x) l(x) c(x)

a 0.35 0 2 00...

b 0.20 0.35 3 010...

c 0.15 0.55 3 100...

d 0.1 0.70 4 1011...

e 0.1 0.80 4 1100...

f 0.1 0.90 4 1110...

l̄ =
∑
x

p(x)l(x) = 2.95 > H = 2.4016
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Êîä Øåííîíà.
Ïðèìåð.

x p(x) q(x) l(x) c(x)

a 0.35 0 2 00...

b 0.20 0.35 3 010...

c 0.15 0.55 3 100...

d 0.1 0.70 4 1011...

e 0.1 0.80 4 1100...

f 0.1 0.90 4 1110...

f  
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d  
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Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ êîäà Øåííîíà

x = d ; q(x) = 0.7

pa pb pc pd pe pf

qa qb qc qd qe qf
0 1

1/2

1/2 1

3/4
qc qd qe qf

1/2 3/4

5/8
qdqc

5
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Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ êîäà Øåííîíà
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Êîä Øåííîíà.
Ñâîéñòâà.

▶ li = ⌈− log pi⌉ < − log pi + 1, òî l̄ < H + 1

▶ Êîä ÿâëÿåòñÿ ïðåôèêñíûì: li = ⌈− log pi⌉ ≥ − log pi , ⇒ pi ≥ 2−li .

j > i , qj − qi ≥ pi ≥ 2−li , 2−li = 0. 00 . . . 01︸ ︷︷ ︸
li

Ïîýòîìó ci äëèíû li îòëè÷àåòñÿ îò cj õîòÿ áû â îäíîì èç ðàçðÿäîâ 1...li .

Ïðèìåð: q(b)− q(a) = p(a) = 0.35 > 0.25, l(a) = 2, c(a) = 00 è c(b) = 01...

▶ Êîä Øåííîíà òðåáóåò ñîðòèðîâêè âåðîÿòíîñòåé.
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Êîä Øåííîíà.
Ñâîéñòâà.

▶ li = ⌈− log pi⌉ < − log pi + 1, òî l̄ < H + 1

▶ Êîä ÿâëÿåòñÿ ïðåôèêñíûì: li = ⌈− log pi⌉ ≥ − log pi , ⇒ pi ≥ 2−li .

j > i , qj − qi ≥ pi ≥ 2−li , 2−li = 0. 00 . . . 01︸ ︷︷ ︸
li

Ïîýòîìó ci äëèíû li îòëè÷àåòñÿ îò cj õîòÿ áû â îäíîì èç ðàçðÿäîâ 1...li .

Ïðèìåð: q(b)− q(a) = p(a) = 0.35 > 0.25, l(a) = 2, c(a) = 00 è c(b) = 01...

▶ Êîä Øåííîíà òðåáóåò ñîðòèðîâêè âåðîÿòíîñòåé.
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Êîä Øåííîíà.
Ïðèìåð, êîãäà âåðîÿòíîñòè íå îòñîðòèðîâàíû.

x p(x) q(x) l(x) c(x)

a 0.1 0 4 0000...

b 0.3 0.1 2 00...

c 0.6 0.4 1 0...

Ìîæíî èçáåæàòü ñîðòèðîâêè èñïîëüçóÿ êîä

Ãèëáåðòà-Ìóðà çà ñ÷¼ò ââåäåíèÿ äîïîëíèòåëüíîé èçáûòî÷íîñòè.
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Êîä Øåííîíà.
Ïðèìåð, êîãäà âåðîÿòíîñòè íå îòñîðòèðîâàíû.

x p(x) q(x) l(x) c(x)

a 0.1 0 4 0000...

b 0.3 0.1 2 00...

c 0.6 0.4 1 0...

Ìîæíî èçáåæàòü ñîðòèðîâêè èñïîëüçóÿ êîä

Ãèëáåðòà-Ìóðà çà ñ÷¼ò ââåäåíèÿ äîïîëíèòåëüíîé èçáûòî÷íîñòè.
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Êîä Ãèëáåðòà-Ìóðà

Ðàññìîòðèì àíñàìáëü X = {1, 2, . . . ,M}, {p(1), p(2), . . . , p(M)}.
Äëÿ êàæäîãî x ∈ X âû÷èñëèì ìîäèôèöèðîâàííóþ êóìóëÿòèâíóþ âåðîÿòíîñòü

σi = qi +
pi
2
, i = 1, 2, . . . ,M,

ãäå q1 = 0, qi =
∑i−1

j=1 pj . Êîäîâîå ñëîâî
2 xi � ýòî äâîè÷íàÿ ïîñëåäîâàòåëüíîñòü,

ïðåäñòàâëÿþùàÿ ñîáîé ïåðâûå

li =
⌈
− log

(pi
2

)⌉
áèò ïîñëå çàïÿòîé â äâîè÷íîì ïðåäñòàâëåíèè σi .

2E.N. Gilbert and E.F. Moore, Variable-length binary encodings, Bell System Technical Journal,
1959.
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Êîä Ãèëáåðòà-Ìóðà.
Ïðèìåð.

x p(x) q(x) σ(x) l(x) c(x)

a 0.35 0 0.175 3 001...

b 0.20 0.35 0.450 4 0111...

c 0.15 0.55 0.625 4 1010...

d 0.1 0.70 0.750 5 11000...

e 0.1 0.80 0.850 5 11011...

f 0.1 0.90 0.950 5 11110...

l̄ =
∑
x

p(x)l(x) = 3.95 > H = 2.4016
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Êîä Ãèëáåðòà-Ìóðà

▶ Êîä ÿâëÿåòñÿ ïðåôèêñíûì: äëÿ i < j , σj > σi

σj − σi =

j−1∑
h=1

ph +
pj
2
−

i−1∑
h=1

ph −
pi
2

=

j−1∑
h=i

ph +
pj − pi

2
≥ pi +

pj − pi
2

=

=
pj + pi

2
≥

max {pi , pj}
2

≥ 2−min{li ,lj},

ãäå

lm =
⌈
− log

pm
2

⌉
≥ − log

pm
2
.

Ýòî îçíà÷àåò, ÷òî ñëîâà ci è cj ðàçëè÷àþòñÿ â îäíîì èç ïåðâûõ min{li , lj}
äâîè÷íûõ ñèìâîëîâ, ò.å., íè îäíî èç äâóõ ñëîâ íå ìîæåò áûòü íà÷àëîì

äðóãîãî.

▶ Ñðåäíÿÿ äëèíà êîäîâîãî ñëîâà: l̄ < H + 2.
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Êîä Ãèëáåðòà-Ìóðà.
Ïðèìåð.

x p(x) q(x) σ(x) l(x) c(x)

0 0.1 0.0 0.05 5 00001

1 0.6 0.1 0.4 2 01

2 0.3 0.7 0.85 3 110
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Êîä Ãèëáåðòà-Ìóðà.
Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ.

▶ X = {x1, x2, x3}, p(x1) = 0.1, p(x2) = 0.6, p(x3) = 0.3
▶ q(x1) = 0, q(x2) = 0.1, q(x3) = 0.7
▶ s(x1) = 0.05, s(x2) = 0.4, s(x3) = 0.85

Ðàññìîòðèì êîäèðîâàíèå x2.
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Êîä Ãèëáåðòà-Ìóðà.
Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ.

▶ p(x1) = 0.1, p(x2) = 0.6, p(x3) = 0.3

▶ q(x1) = 0, q(x2) = 0.1, q(x3) = 0.7

▶ s(x1) = 0.05, s(x2) = 0.4, s(x3) = 0.85

▶ Äåêîäèðóåì êîäîâîå ñëîâî 01 èëè ŝ = 0.25.

q1=0 q2 q3 1

p2 p3p1

1/2s1 s2 s325.02̂ s

▶ Ïîñëå îêðóãëåíèÿ äî l(xi ) ðàçðÿäîâ, ÷èñëî s(xi ) = q(xi ) + p(xi )/2 óìåíüøàåòñÿ íå
áîëåå ÷åì íà p(xi )/2, ïîñêîëüêó îøèáêà îêðóãëåíèÿ íå áîëüøå, ÷åì 2−l(xi ) ≤ p(xi )/2.

▶ Äåêîäèðîâàíèå: íàéòè xi , òàêîå ÷òî q(xi ) ≤ ŝ < q(xi+1).
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Áëîêîâîå êîäèðîâàíèå

×òîáû óìåíüøèòü êîäîâóþ èçáûòî÷íîñòü ìû ìîæåì èñïîëüçîâàòü áëîêîâå

êîäèðîâàíèå:

1. Ïóñòü x ∈ X = {0, 1, . . . ,M − 1}. Ïîñëåäîâàòåëüíîñòü íà âûõîäå èñòî÷íèêà
áóäåì êîäèðîâàòü áëîêàìè x = (x1, x2, . . . , xn).

2. Êàæäûé áëîê x äëèíû n ìîæåò ðàññìàòðèâàòüñÿ êàê áóêâà íîâîãî

óêðóïí¼ííîãî àëôàâèòà èç âñåõ êîìáèíàöèé âåêòîðîâ äëèíû n.

3. Ïðèìåíèì ëþáîé àëãîðèì ïîáóêâåííîãî êîäèðîâàíèÿ äëÿ óêðóïí¼ííîãî

àëôàâèòà.
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Áëîêîâîå êîäèðîâàíèå

Ýíòðîïèÿ óêðóïí¼ííîãî àëôàâèòà:

H(X n) = −
∑
x∈X n

p(x) log2 p(x).

Ïóñòü rn � èçáûòî÷íîñòü óêðóïí¼ííîãî àëôàâèòà, òîãäà l̄ = H(X n) + rn. Ñðåäíèå
çàòðàòû íà ñèìâîë èñõîäíîãî àëôàâèòà:

R̄ =
H(X n) + rn

n
=

H(X n)

n
+

rn
n
.
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Áëîêîâîå êîäèðîâàíèå

▶ Äëÿ èñòî÷íèêà áåç ïàìÿòè H(X n) = nH(X ) ïîëó÷èì:

R̄ = H(X ) +
rn
n
.

Åñëè n→∞, òî
rn
n
→ 0.

▶ Äëÿ èñòî÷íèêà ñ ïàìÿòüþ H(X n) ≤ nH(X ), è ïîýòîìó
H(X n)

n
≤ H(X )

lim
n→∞

H(X n)

n
= H∞(X )
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Ïðÿìàÿ è îáðàòíàÿ òåîðåìû êîäèðîâàíèÿ

Òåîðåìà.

▶ Îáðàòíàÿ: R̄ ≥ H∞(X )

▶ Ïðÿìàÿ: Äëÿ ëþáîãî ϵ > 0 ñóùåñòâóåò ïðåôèêñíûé êîä ñ R̄ ≤ H∞(X ) + ϵ

Äîêàçàòåëüñòâî.

▶ Äëÿ óêðóïí¼ííûõ ñèìâîëîâ x ∈ X n, l̄n ≥ H(X n).

▶ Äëÿ ëþáîãî n ñóùåñòâóåò êîä (íàïðèìåð, Øåííîíà), òàêîé ÷òî

l̄n ≤ H(X n) + 1.

▶ Rn = l̄n/n ≥ H(X n)/n ≥ H∞(X ) äëÿ âñåõ n

▶ Äëÿ n ≥ n0 è ϵ > 0 Rn ≤ H∞(x) + ϵ

17



Áëîêîâîå êîäèðîâàíèå

1. Êîä Õàôôìàíà äëÿ óêðóïí¼ííîãî àëôàâèòà ñëîæíî èñïîëüçîâàòü íà

ïðàêòèêå. Åñëè |X | = 256, òî äëÿ n = 2 |X n| = 65536.

2. Êîä Øåííîíà ñëîæíî èñïîëüçîâàòü, òàê êàê îí òðåáóåò ñîðòèðîâêè.

3. Êîä Ãèëáåðòà-Ìóðà õîðîøî ïîäõîäèò äëÿ êîäèðîâàíèÿ áëîêîâ.

4. Àðèôìåòè÷åñêîå êîäèðîâàíèå ÿâëÿåòñÿ îáîáùåíèåì êîäà Ãèëáåðòà-Ìóðà äëÿ

ñëó÷àÿ áëîêîâîãî êîäèðîâàíèÿ.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå

Äëÿ x ∈ X n âû÷èñëèì34:

1. p(x) =
n∏

i=1

p(xi )

2. q(x)

3. σ(x) = q(x) + p(x)/2

4. l(x) = ⌈− log p(x) + 1⌉

3J.J. Rissanen, Generalized Kraft Inequality and Arithmetic Coding, IBM Journal of Research and

Development, 1976
4J. Rissanen and G. G. Langdon, Arithmetic Coding, IBM Journal of Research and Development,

1979
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ëåêñèêîãðàôè÷åñêèé ïîðÿäîê.

1. Ïðîíóìåðóåì âñå ïîñëåäîâàòåëüíîñòè èç X n â àëôàâèòíîì

(ëåêñèêîãðàôè÷åñêîì) ïîðÿäêå.

2. Ïóñòü i � íàèìåíüøèé èíäåêñ òàêîé, ÷òî xi ̸= yj , òîãäà y ëåêñèêîãðàôè÷åñêè

ïðåäøåñòâóåò x (x ≺ y) åñëè xi ≺ yi .

3. apple ≺ energy ≺ entropy
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ëåêñèêîãðàôè÷åñêèé ïîðÿäîê.

0000

0001

0010

0011

0100

0101

0110
0111
1000

1001

...
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ëåêñèêîãðàôè÷åñêèé ïîðÿäîê.

Îáîçíà÷èì q(x) =
∑
y≺x

p(y). Ýòà êóììóëÿòèâíàÿ âåðîÿòíîñòü ìîæåò áûòü

âû÷èñëåíà ðåêóðñèâíî:

q(xn
1 ) =

∑
y
n
1
≺x

n
1

p(yn
1 ) =

=
∑

y
n−1

1
≺x

n−1

1

∑
yn

p(yn−1
1 yn) +

∑
y
n−1

1
=x

n−1

1

∑
yn≺xn

p(yn−1
1 yn) =

=
∑

y
n−1

1
≺x

n−1

1

p(yn−1
1 ) +

∑
y
n−1

1
=x

n−1

1

p(yn−1
1 )

∑
yn≺xn

p(yn) =

= q(xn−1
1 ) + p(xn−1

1 )q(xn)
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Àðèôìåòè÷åñêîå êîäèðîâàíèå

Â èòîãå ïîëó÷èì ñëåäóþùèå ðåêóððåíòíûå ôîðìóëû5:

q(x[1,n]) = q(x[1,n−1]) + p(x[1,n−1])q(xn),

p(x[1,n]) = p(x[1,n−1])p(xn).

5R. Pasco, Source coding algorithms for fast data compression, Diss. Stanford University, 1976.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Êîäåð.

Input: M, {p1, ..., pM}, n, {x1, ..., xn}
1: q1 ← 0

2: for i = 2, ..,M do
3: qi ← qi−1 + pi−1

4: end for
5: F ← 0,G ← 1

6: for i = 1, .., n do
7: F ← F + q(xi )G
8: G ← p(xi )G
9: end for

Output: c ← ïåðâûå ⌈− logG⌉+ 1 áèò äâîè÷íîé çàïèñè F + G/2.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ïðèìåð.

Øàã i xi p(xi ) q(xi ) F G

0 - - - 0,0000 1,0000

1 b 0,6 0,1 0,1000 0,6000

2 c 0,3 0,7 0,5200 0,1800

3 b 0,6 0,1 0,5380 0,1080

4 a 0,1 0,0 0,5380 0,0108

5 b 0,6 0,1 0,5391 0,0065

6
Äëèíà êîäîâîãî ñëîâà ⌈− logG + 1⌉ = 9

Êîäîâîå ñëîâî F + G/2 = 0, 5423...→
→ F̂ = 0, 541→ 100010101
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ.
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Àðèôìåòè÷åñêèå êîäèðîâàíèå.
Äåêîäåð.

Input: M, {p1, ..., pM}, n, F̂
1: q1 ← 0

2: for i = 2, ..,M do
3: qi ← qi−1 + pi−1

4: end for
5: qM+1 ← 1,S ← 0,G ← 1

6: for i = 1, .., n do
7: j ← 1

8: while S + qj+1G < F̂ do
9: j ← j + 1

10: end while
11: S ← S + qjG
12: G ← pjG
13: xi ← j
14: end for

Output:{x1, ..., xn}27



Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ïðèìåð äåêîäèðîâàíèÿ.

Øàã S G Ãèïîòåçà q(x) S + qG Ðåøåíèå p(x)
x xi

0 100010101→ F̂ =0,541

1 0,0000 1,0000

a 0,0 0,0000< F̂

b 0,6b 0,1 0,1000< F̂

c 0,7 0,7000> F̂

2 0,1000 0,6000

a 0,0 0,1000< F̂

c 0,3b 0,1 0,1600< F̂

c 0,7 0,5200< F̂

3 0,5200 0,1800

a 0,0 0,5200< F̂

b 0,6b 0,1 0,5380< F̂

c 0,7 0,6460> F̂

4 0,5380 0,1080
a 0,0 0,5380< F̂

a 0,1
b 0,1 0,5488> F̂

5 0,5380 0,0108

a 0,0 0,5380< F̂

b 0,6b 0,1 0,5391< F̂

c 0,7 0,5456> F̂
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåàëèçàöèÿ.

▶ Ïðîáëåìû:

1. Ðàçðÿäíîñòü ðåãèñòðîâ: Êîëè÷åñòâî áèò, íåîáõîäèìîå äëÿ F è G ðàñò¼ò ñ
êàæäûì óìíîæåíèåì íà âåðîÿòíîñòü.

2. Çàäåðæêà: êîäîâîå ñëîâî ôîðìèðóåòñÿ ïîñëå êîäèðîâàíèÿ ïîñëåäíåãî ñèìâîëà.

▶ Ðåøåíèå:

1. Ïðåäñòàâèòü âõîäíûå âåðîÿòíîñòè ïðè ïîìîùè öåëûõ ÷èñåë.
2. Âûäàâàòü ñòàðøèå ðàçðÿäû êîäîâîãî ñëîâà, êîòîðûå íå áóäóò ìåíÿòüñÿ è

ñîêðàùàòü ðàçðÿäû (ðåíîðìàëèçîâàòü), íåîáõîäèìûå äëÿ F and G
3. Èñïîëüçîâàòü ñïåöèàëüíûé ñ÷¼ò÷èê �btf� (bits to follow), åñëè ñòàðøèå ðàçðÿäû

êîäîâîãî ñëîâà íå îïðåäåëåíû íà äàííîì øàãå. ( ...011111... èëè ...100000...)

▶ Ðåçóëüòàò: 16-áèòíàÿ ðåàëèçàöèÿ.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåàëèçàöèÿ.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåàëèçàöèÿ.

▶ Îáîçíà÷èì ÷åðåç L (low) ðåãèñòð, â êîòîðîì õðàíèòñÿ F , ÷åðåç R (range)
ðåãèñòð, â êîòîðîì õðàíèòñÿ G è ââåäåì ðåãèñòð H = L+ R (high)6.

▶ Â íà÷àëå ðàáîòû àëãîðèòìà L = 0,H = 2b − 1, ãäå b ðàçðÿäíîñòü àëãîðèòìà.

▶ Â ðåçóëüòàòå îïåðàöèè R = pjR ðåãèñòð R ìîæåò îáíóëèòüñÿ.

▶ Çàäà÷à ðåíîðìàëèçàöèè äåðæàòü ðåãèñòðû H ≥ 3
4
2b, L ≤ 1

4
2b, ò.å. R ≥ 1

2
2b.

6I. H. Witten, R. M. Neal and J. G. Cleary, �Arithmetic Coding for Data Compression,�
Communications of the ACM, 1987.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåíîðìàëèçàöèÿ.

Àíàëèçèðóåì ðàçðÿäû ÷èñëà σ = L+ R
2
= L

2
+ H

2
.

1. H < 1
2
2b.

▶ Òîãäà σ < 1

2
2b.

▶ Âûäà¼ì 0.
▶ H = H × 2, L = L× 2.

2. H ≥ 1
2
2b, L ≥ 1

2
2b

▶ Òîãäà σ > 1

2
2b.

▶ Âûäà¼ì 1.
▶ H = H × 2− 2b, L = L× 2− 2b.

3. 1
2
2b < H < 3

4
2b, 1

4
2b ≤ L < 1

2
2b

▶ Òîãäà σ <> 1

2
2b (íåîïðåäåë¼ííîñòü).

▶ btf = btf + 1
▶ H = H × 2− 1

2
2b, L = L× 2− 1

2
2b.
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Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Öåëî÷èñëåííàÿ ðåàëèçàöèÿ íà MATLAB.

function y=int_arithm_encoder(x,q); 
% x is input data sequence, 
% q is cumulative distribution (model) 
% y is binary output sequence 
 
% Constants 
k=16; 
R4=2^(k-2); R2=R4*2; R34=R2+R4;% half,quarter,etc.
R=2*R2;                                            % Precision 
 
% Initialization 
Low=0;          % Low 
High=R-1;      % High 
btf=0;             % Bits to Follow 
y=[ ];              % code sequence 
 
% Encoding 
for i=1:length(x); 
    Range=High-Low+1; 
    High=Low+fix(Range*q(x(i)+1)/q(m))-1; 
    Low=Low+fix(Range*q(x(i))/q(m)); 
 
    % Normalization 
    while 1  
        if High<R2 
            y=[y 0 ones(1,btf)]; btf=0; 
            High=High*2+1; Low=Low*2; 
        else 

            if Low>=R2 
                y=[y 1 zeros(1,btf)]; btf=0; 
                High=High*2-R+1; Low=Low*2-R; 
            else 

                if Low>=R4  &  High<R34 
                    High=2*High-R2+1; Low=2*Low-R2; 
                    btf=btf+1; 
                else 

                    break; 

                end; 

            end; 

        end;  

    end; % while 
end; % for 
 
% Completing 
if Low<R4 
    y=[y 0 ones(1,btf+1)]; 
else 

    y=[y 1 zeros(1,btf+1)]; 
end; 

function x=int_arithm_decoder(y,q,n);  
% y is binary encoded data sequence,  
% q is cumulative distribution (model)  
% x is output sequence  
% n is number of messages to decode 
 
% Constants  
k=16; R4=2^(k-2); R2=R4*2; R34=R2+R4; R=2*R2;    
m=length(q); 
 
% Start decoding. Reading first k bits 
Value=0; y=[y zeros(1,k)]; 
for ib=1:k  
    Value=2*Value+y(ib);  
end;  
 
% Initialization 
Low=0;  High=R-1;  
 
% Decoding 
for j=1:n 
    Range=High-Low+1; 
    aux=fix(( (Value-Low+1)*q(m)-1)/Range); 
    i=1; % message index 
    while q(i+1)<=aux, i=i+1; end; 

    x(j)=i; 
    High=Low+fix(Range*q(i+1)/q(m))-1; 
    Low=Low+fix(Range*q(i)/q(m)); 
 
    % Normalization 
    while 1          
        if High<R2 
            High=High*2+1; Low=Low*2; 
            ib=ib+1; 
            Value = 2*Value+y(ib); 
        else 

            if Low>=R2 
                High=High*2-R+1; Low=Low*2-R; 
                ib=ib+1; 
                Value = 2*Value-R+y(ib); 
            else 

                if Low>=R4  &  High<R34 
                    High=2*High-R2+1;  Low=2*Low-R2; 
                    ib=ib+1; 
                    Value = 2*Value-R2+y(ib); 
                else 

                    break; 

                end; 

            end; 

        end 

    end; % while 
end; % for 32



Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå

1: T ← R×p(xt)
2: R ← R − T
3: if xt =1 then
4: L ← L+R
5: R ← T
6: end if
7: call Ðåíîðìàëèçàöèÿ

1: T ← R×p(xt)
2: R ← R − T
3: if F < R then
4: xt = 0

5: else
6: L ← L+R
7: R ← T
8: xt = 1

9: end if
10: call Ðåíîðìàëèçàöèÿ
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåíîðìàëèçàöèÿ.

1: while R < 2b−2 do
2: if L ≥ 2b−1 then
3: WriteOnes(1)

4: WriteZeros(bits_to_follow), bits_to_follow ← 0

5: L ← L − 2b−1

6: else if L < 2b−2 then
7: WriteZeros(1)

8: WriteOnes(bits_to_follow), bits_to_follow ← 0

9: else
10: bits_to_follow ← bits_to_follow + 1

11: L ← L − 2b−2

12: end if
13: L ← L≪ 1, R ← R≪ 1

14: end while
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåàëèçàöèÿ áåç óìíîæåíèé.

Ïîñëå ðåíîðìàëèçàöèè ðåãèñòð R íàõîäèòñÿ â èíòåðâàëå:

1

2
2b−1 ≤ R < 2b−1.

Ïîýòîìó óìíîæåíèåì ìîæåò áûòü àïïðîêñèìèðîâàíî ñëåäóþùèì îáðàçîì:

T = R × p̂t ≈ α2b−1 × p̂t ,

ãäå α ∈ [1
2
, ..., 1). Äëÿ óëó÷øåíèÿ òî÷íîñòè M-coder êâàíòóåò èíòåðâàë

[1
2
2b−1; 2b−1) ðàâíîìåðíî íà 4 èíòåðâàëà. Çàòåì, äëÿ êàæäîãî èç ÷åòûð¼õ

èíòåðâàëîâ ðåçóëüòàò óìíîæåíèÿ R × p̂s ïîìåùàåòñÿ â òàáëèöó

TabRangeLPS [s][∆], ñîñòîÿùóþ èç 64×4 çíà÷åíèé.
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå (M-coder).

1: ∆← (R − 2b−2)≫ (b − 4)
2: T ← TabRangeLPS [s][∆]
3: R ← R − T
4: if xi ̸= MPS then
5: L ← L+R
6: R ← T
7: if s = 0 then
8: MPS ←!MPS;

9: end if
10: s ←TransStateLPS [s]
11: else
12: s ← TransStateMPS [s]
13: end if
14: call Renormalization procedure7

7D. Marpe, T. Wiegand, �A Highly E�cient Multiplication-Free Binary Arithmetic Coder and Its
Application in Video Coding,� IEEE ICIP, 2003.36



Àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ðåíîðìàëèçàöèÿ.

Áàéòîâàÿ ðåíîðìàëèçàöèÿ (range coder) äëÿ íåäâîè÷íîãî8 è äâîè÷íîãî9 àëôàâèòà

1: while (L⊕ (L+ R)) < 224 or R < 216

do
2: if R < 216∧ (L⊕ (L+ R)) ≥ 224

then
3: R ← (!L+ 1) ∧ (216 − 1)

4: end if
5: PUTBYTE (L≫ 24)

6: R ← R ≪ 8

7: L← L≪ 8

8: end while

1: if (L⊕ (L+ R)) < 224 then
2: PUTBYTE (L≫ 24)

3: R ← R ≪ 8

4: L← L≪ 8

5: else if R < 216 then
6: R ← (!L+ 1) ∧ (216 − 1)

7: PUTBYTE (L≫ 24)

8: R ← R ≪ 8

9: L← L≪ 8

10: end if
8D.Subbotin, �Carryless Rangecoder,� 1999.
9E.Belyaev, K.Liu, M.Gabbouj, Y.Li, An e�cient adaptive binary range coder and its VLSI

architecture // IEEE Trans. on Circuits and Systems for Video Technology, 2015.
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ñëîæíîñòü.

CA =
αA · N + βA · B

N
,CR =

αR · N + 1
8
· βR · B

N
,

α � ñëîæíîñòü îáíîâëåíèÿ ðåãèñòðîâ R è L, β � ñëîæíîñòü ðåíîðìàëèçàöèè, N �

êîëè÷åñòâî âõîäíûõ äâîè÷íûõ ñèìâîëîâ,

B � äëèíà ñæàòîãî ïîòîêà â áèòàõ:

B = N ·
(
h(p) + r(p)

)
.

Ïðåäïîëîæèì, ÷òî αA ≈ βA ≈ αR ≈ βR , òîãäà

CA(p)− CR(p)

CA(p)
≈

7

8
· h(p)

1+ h(p)
∈ [0, ..., 0.4375] .
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Ñëîæíîñòü.
Ñðàâíåíèå ñëîæíîñòè êîäåðà äëÿ ðàçíûõ âàðèàíòîâ ðåíîðìàëèçàöèè10
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Proposed ABRC, W=26

10E.Belyaev et al., Complexity analysis of adaptive binary arithmetic coding software implementations
// The 11th International Conference on Next Generation Wired/Wireless Advanced Networking, 201139



Êîäèðîâàíèå Ìàðêîâñêîãî èñòî÷íèêà ñ s = 1

0

)0|1(p

1

)1|0(p

)1|1(p)0|0(p

H(ω) = π0 · H(s0) + π1 · H(s1),

π0 =
p(0|1)

p(0|1) + p(1|0)
, π1 =

p(1|0)
p(0|1) + p(1|0)

.

H(s0) = −p(0|0) · log2 p(0|0)− p(1|0) · log2 p(1|0),
H(s1) = −p(1|1) · log2 p(1|1)− p(0|1) · log2 p(0|1).40



Êîíòåêñòíîå êîäèðîâàíèå äâîè÷íîãî ìàðêîâñêîãî èñòî÷íèêà
ñ s = 1

Input: M = 2, {p(1|0), p(1|1)}, n, {x1, ..., xn}, s0 = 0

1: for i = 1, ..., n do
2: if si−1 = 0 then
3: p(xt)← p(1|0)
4: else
5: p(xt)← p(1|1)
6: end if
7: T ← R×p(xt)
8: R ← R − T
9: si ← 0

10: if xt =1 then
11: L ← L+R , R ← T
12: si ← 1

13: end if
14: call Ðåíîðìàëèçàöèÿ

15: end for41



Ìàðêîâñêèé èñòî÷íèêà ñ s = 2

00

)01|1(p

11

)10|0(p

)11|1(p

)00|0(p

01 10

)01|0(p

)00|1(p )10|1(p

)11|0(p
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Áèíàðèçàöèÿ íåäâîè÷íîãî àëôàâèòà.

▶ Ðàññìîòðèì àíñàìáëü X = {A,B,C ,D}, ñ ðàñïðåäåëåíèÿìè âåðîÿòíîñòåé

pA, pB , pC , pD . Ýíòðîïèÿ àíñàìáëÿ:

H = −pA log pA − pB log pB − pC log pC − pD log pD .

▶ Áèíàðèçàöèÿ ðàâíîìåðíûì êîäîì ñ íåçàâèñèìûì êîäèðîâàíèåì:

A→ 00

B → 01

C → 10

D → 11

Ïðè íåçàâèñèìîì êîäèðîâàíèè ïåðâîãî è âòîðîãî ñèìâîëîâ:

H1 = H(X1) + H(X2) ≥ H(X1) + H(X2|X1) = H.
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Äðåâîâèäíàÿ áèíàðèçàöèÿ.

A B C D G HE F

0 1

0

0 0

0

0 0

0

1

11

1

11
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Äðåâîâèäíàÿ áèíàðèçàöèÿ.

▶ Ðàññìîòðèì àíñàìáëü X = {A,B,C ,D}, ñ ðàñïðåäåëåíèÿìè âåðîÿòíîñòåé

pA, pB , pC , pD .

AB CD

BA C D

x1 = 0 x1 = 1

x2 = 0 x2 = 1 x2 = 1
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Äðåâîâèäíàÿ áèíàðèçàöèÿ.

AB CD

BA C D

p0 = pA + pB p1 = 1− p0

p0 =
pA

pA+pB
p1 =

pD
pC+pD

h1 = −(pA + pB) log(pA + pB)− (pC + pD) log(pC + pD)
h2 = (pA + pB)(− pA

pA+pB
log pA

pA+pB
− pB

pA+pB
log pB

pA+pB
)+

+(pC + pD)(− pC
pC+pD

log pC
pC+pD

− pD
pC+pD

log pD
pC+pD

) =

H − h1.
⇒ h1 + h2 = H.46



Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Óíàðíàÿ áèíàðèçàöèÿ.

n unar(n)

1 1

2 01

3 001

4 0001

5 00001

n 00...0︸ ︷︷ ︸
n−1

1
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Äâîè÷íîå àðèôìåòè÷åñêîå êîäèðîâàíèå.
Óíàðíàÿ áèíàðèçàöèÿ.

▶ Óíàðíàÿ áèíàðèçàöèÿ:
A→ 1

B → 01

C → 001

D → 0001

h1 = −pA log pA − (1− pA) log(1− pA).

h2 = − pB
pB+pC+pD

log pB
pB+pC+pD

− pC+pD
pB+pC+pD

log pC+pD
pB+pC+pD

.

h3 = − pC
pC+pD

log pC
pC+pD

− pD
pC+pD

log pD
pC+pD

.

h4 = 0.

h1 + (1− pA)h2 + (1− pA − pB)h3 =
−pA log pA − (1− pA) log(1− pA)−
−pB log pB

pB+pC+pD
− (pC + pD) log

pC+pD
pB+pC+pD

−
−pC log pC

pC+pD
− pD log pD

pC+pD
= H.
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Àññèìåòðè÷íûå ñèñòåìû èñ÷èñëåíèÿ (rANS)
Îáùàÿ èäåÿ.

▶ Ïóñòü X = {x1, x2, x3, ..., xN}, xi ∈ {0, 1}.

Êîäåð: R ← 2 · R + xi

i xi R

� � 1

1 0 2

2 1 5

3 1 11

Äåêîäåð: xi = R mod 2, R ←
⌊
R
2

⌋
i xi R

� � 11

3 1 5

2 1 2

1 0 1
▶ Êîäåð ðàáîòàåò â îò ïîñëåäíåãî ñèìâîëà ê ïåðâîìó (â ðåâåðñíîì ïîðÿäêå),

äåêîäåð îò ïåðâîãî ê ïîñëåäíåìó.
▶ p0 =

f (0)
n , p1 =

f (1)
n , f (0) = 1,f (1) = 1,n = 2,q(0) = 0, q(1) = f0

n .

▶ Êîäåð: R ← n · R
f (xi )

+ n · q(xi ) =
R

pi
+ n · q(xi )

▶ Äåêîäåð:

xi =

{
0, åñëè R ∧ (n − 1) < nq(1),
1, èíà÷å.

R ← ⌊pi · R⌋
49



Àññèìåòðè÷íûå ñèñòåìû èñ÷èñëåíèÿ (rANS)
Îáùàÿ èäåÿ.

▶ Êîäåð11: R ← n · R
f (xi )

+ n · q(xi )
▶ Äåêîäåð:

xi =

{
0, åñëè R ∧ (n − 1) < nq(1),
1, èíà÷å.

R ← ⌊pi · R⌋

▶ p0 =
f (0)
n , p1 =

f (1)
n , f (0) = 1,f (1) = 3,n = 4,q0 = 0, q1 =

f0
n

i xi R

� � 1

1 0 4

2 1 6

3 1 9

4 1 13

i xi R

� � 13

4 1 9

3 1 6

2 1 4

1 0 1
11Jarek Duda, Asymmetric numeral systems: entropy coding combining speed of hu�man coding

with compression rate of arithmetic coding, rarXiv, 2014.

50



2. The range version of Asymmetric Numeral Systems (rANS)

Properties of rANS:

▶ Äëèíà êîäîâîãî ñëîâà ≈ ⌈log2(R)⌉+ 1.

▶ Ïðàâèëî èçìåíåíèÿ Ri ≈ Ri−1/pi , ò.å. log2(Ri ) ≈ log2(Ri−1) + log2(1/pi ).

▶ Ri−1

pi
=

n·Ri−1

f (xi )
âûïîëíÿåòñÿ òàáëè÷íî12 ñ äâóìÿ óìíîæåíèÿìè è ñëîæåíèÿìè.

▶ Àëãîðèòì ðàáîòàåò â äâóõïðîõîäíîì ðåæèìå. Íà ïåðâîì ïðîõîäå

âû÷èñëÿþòñÿ ÷àñòîòû {f (xi )} è ñîîòâåòñòâóþùèå òàáëèöû. Íà âòîðîì

ïðîõîäå âûïîëíÿåòñÿ êîäèðîâàíèå ñòàòè÷åñêîé ìîäåëüþ.
▶ Ïåðåìåííàÿ R ìîæåò ïåðåïîëíèòüñÿ, ò.å. ðåíîðìàëèçàöèÿ íåîáõîäèìà. Ïðè

ýòîì áàéòîâàÿ ðåíîðìàëèçàöèÿ ïðîùå, ÷åì â àðèôìåòè÷åñêîì êîäåðå.
▶ rANS ïðèìåðíî â 4 ðàçà áûñòðåå ABRC íà äëèííûõ ïîñëåäîâàòåëüíîñòÿõ (áîëåå

4096 áàéò).
▶ Åñëè äëèíà ïîñëåäîâàòåëüíîñòè ìåíüøå 4096 áàéò, òî rANS ïîêàçûâàåò òó æå

ñêîðîñòü (èç-çà âû÷èñëåíèÿ ìîäåëè è òàáëèö).
12R.Alverson, Integer division using reciprocals,IEEE Symposium on Computer Arithmetic, 1991
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Àññèìåòðè÷íûå ñèñòåìû èñ÷èñëåíèÿ (rANS)
Êîäåð äëÿ äâîè÷íîãî ñëó÷àÿ.

1: f1 ←
∑i=N

i=1 xi

2: f0 ←
⌊
2b·(N−f1)

N

⌋
, f1 ← 2b − f0

3: r0 ← f0 · 223−b+8, r1 ← f1 · 223−b+8

4: r ← 223

5: for i = N, ..., 1 do
6: if xi = 0 then
7: RENORM(r0, r)
8: r ← ⌊r/f0⌋ · 2b + r mod f0
9: else
10: RENORM(r1, r)
11: r ← ⌊r/f1⌋ · 2b + f0+ r mod f1
12: end if
13: end for
14: WRITE(r ,32)
15: WRITE(f0,b)

1: RENORM(x , r)
2: if r ≥ x then
3: repeat
4: WRITE(r∧255,8)
5: r ← (r ≫ 8)
6: until r ≥ x
7: end if
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Àññèìåòðè÷íûå ñèñòåìû èñ÷èñëåíèÿ (rANS)
Äåêîäåð äëÿ äâîè÷íîãî ñëó÷àÿ.

1: f0 ←READ(b), f1 ← 2b − f0
2: r = READ(32)
3: for i = 1, ...,N do
4: if r ∧ (2b − 1) < f0 then
5: xi ← 0

6: r ← f0 × (r ≫ 8) + r ∧ (2b − 1)
7: else
8: xi ← 1

9: r ← f1 × (r ≫ 8) + r ∧ (2b − 1)− f0
10: end if
11: if r < 223 then
12: repeat
13: r ← (r ≪ 8)+READ(8)
14: until r < 223

15: end if
16: end for53



Ñïàñèáî çà âíèìàíèå!

Îáðàçîâàòåëüíàÿ ïðîãðàììà: �Ïðîãðàììèðîâàíèå è èíòåðíåò-òåõíîëîãèè�


